To process the vibration signal fault diagnosis automatically and effectively, a method to calculate the generalized fractal dimension (D q 
Introduction
In the recent decades, the studies and applications of fractal theory have gathered momentum [1, 2] . Fractal theory, as a leading and important embranchment of nonlinear science, has distinguished advantages in reflecting the inherent characteristics of complicated nonlinear system by self-similarity and self-affinity. Because mechanical vibration signal has clear fractal features and belongs to complicated natural fractal [3] , fractal theory, especially fractal dimension, has been widely used in mechanical vibration fault diagnosis [4] . However, the studies of vibration fault diagnosis using fractal dimension are not conclusive, thus there is more work to be done in improving the method of fractal geometry in this field. While fractal dimension is used to analyze common faults of rotary machines, some vibration fault signals may portray similar fractal dimensions [5] . The problem arises due to the fact that fractal dimension can only reflect the holistic feature and isn't enough for describing complexity and detail features in the round. Of course, this problem not only exists in vibration signal analysis, but in most fields. To solve it, Evertsz and Mandelbrot [6] suggested that multi-fractal dimension maybe a more appropriate parameter than fractal dimension in describing geometrical properties of a fractal set. They have done a thorough study of multi-fractal and the study showed that multi-fractal is a more general parameter than mono-fractal [7] .
Multi-fractal analysis concerns the scaling behavior of a distribution of measures in a geometrical and statistical fashion. It provides information on local scaling, dimension of sets with a given scaling and statistical representation. For these advantages, multi-fractal has been widely used in vibration signal fault diagnosis [8, 9] . The f(α) singularity spectrum and the generalized fractal dimension (D q ) are two common multi-fractal measures. These two measures can be related by the Legendre transform. To do the fractal vibration diagnosis, the most popular algorithms of multi-fractal measure are a direct determination of the f(α) singularity spectrum [10] and a box-counting of D q [11] . The former is the most intuitionistic method, but can only be used for some special series with analytic solutions. The latter, a numerical estimate method based on the former, is the simplest and can be used for most series. Its application is restricted by the need for a large sample size, however, the D q has a great deviation while q<0.
Among various mono-fractal dimension definition methods, correlation dimension is good at representing primary characters and has various applications, because of its high sensitivity to the irregularity of an attractor. Based on the phase-space reconstruction and Takens Embedding Theorem, the G-P algorithm for calculating the correlation dimension was proposed in 1983 by Grassberger and Procaccia [12, 13] . So a method for the calculation of the generalized fractal dimension, extended form the traditional G-P correlation dimension algorithm, will be a good choice. Determination of the correlation dimension from chaotic time series data involves two steps: reconstruction of the attractor using the time delay method from the raw time series followed by computation of the correlation dimension from the phase space vectors [14] . Lots of improvements have been made on this classical algorithm [15] . Even so, human interaction is essential because of these methods' subjectivity [16] , which leads to incapability of automatic and objective calculation for the correlation dimension.
To process the vibration signal fault diagnosis automatically and effectively, a method to calculate the generalized fractal dimension (GFD) is presented, based on the traditional G-P correlation dimension algorithm. The effectiveness of the proposed method is verified by calculating the generalized fractal dimension for various measured vibration signals. The generalized fractal dimension marks off each vibration signal unambiguously. The analysis also indicates that the fluctuation amplitude of GFD is related to the frequency distribution of vibration signal.
The paper is organized as follows. Section 2 describes the generalized fractal dimension method for vibration signal based on the traditional G-P correlation dimension algorithm. Section 3 presents and analyses the experimental results for some measured vibration signals. Our conclusions are presented in section 4.
Generalized Fractal Dimension Algorithm

Algorithm theory
The phase-space reconstruction technique should be used initially when calculating the generalized fractal dimension. The intention here is to recover the strange attractor of the chaotic system through mapping the 1-dimensional time series into a higher-dimensional phase space. Specifically, given a suitable embedding dimension m and delay time τ (τ=k∆t, where ∆t is the sample rate of the vibration signal), the vibration signal time series { } , =1,2, The Euclidean distances between each vector point Y j and the other (N m -1) points are calculated in m-dimensional phase space. Then, the frequency of each distance falling within the volume element with hyperspherical radius r is obtained by
Thus, the qth-order correlation integral function C q (r) is established, as shown in equation (3).
where j k  , q denotes the weight factor and H(·) denotes the Heaviside function and.
It can be seen that C q (r) is a qth-order cumulative distribution function reflecting the distribution probability of the distance less than r between pairs of points on the chaotic attractor. The qth-order cumulative correlation function C q (r) is related to generalized fractal dimension D q by the power law ( ) ( )
This results in Dq being defined as
Let χ(q) denotes the partition function (qth-order moment for probability density) given by
Then the equations (3) and (5) are rewritten as:
and
Obviously, while q=1, D q cannot be directly calculated by the equation (8) . So D 1 is defined as the limit when q approaches 1 by L'Hopital's Rule:
where the term 
Detail process
In the principle of the above algorithm, the selecting of the embedding dimension m and delay time τ m is significant in estimations of D q . However it is difficult to predetermine these two parameters. Considering the generalized fractal dimension D q (m) and the fractal scaleless Vibration Signal Fault Diagnosis Based on Generalized Fractal Dimension Biqiang Du, Guiji Tang region would gradually reach consensus and saturation, along with the increase of the embedding dimension m, measuring the change of the fractal scaleless region will be helpful to estimate whether D q (m) and the fractal scaleless region reach saturation or not. In this study, the embedding dimension m begins from value 2 and proceeds successively higher dimensions until the identified value of the fractal scaleless region stabilizes or fluctuates within a small error range. Now, the corresponding D q (m) is the desired correlation dimension D q . The delay time τ m is calculated by the autocorrelation function which is the more widely used and established method.
In addition, it is worth noting that the identification of the scaleless region is the key to the above process. We choose the curve-line-curve fitting method detailed in our previous work [17] for its good adaptability in vibration signal.
The above process was programmed to automatically calculate the generalized fractal dimension for vibration signal. The proposed method provides an accurate, effective, automatic and rapid calculation of the generalized fractal dimension.
Range of weight factor q
Characters reflected from D q are mainly decided by the range of the weight factor q. In the definition of D q , q can be arbitrary within ( ) , +   . It means that the bigger range of q, the more comprehensive the result of analysis. However, in actual calculation, computation workload will increase manyfold as q increases. In our experiments, it can be observed that both ends of D q -q tend to parallel with q axis, viz., D q tends to be a certain value. Conversely, D q -q may not completely reflect characters of a fractal system with a narrow range of q. So the range of q should be predetermined. 
Experimental Results
Our experiment device is a Bently RK4 rotor experiment platform with rotary speed governing equipment and a bearing oil pump (see Figure 1 ). Multiple eddy current sensors, installed at both sides of the disc, record the axial displacement vibration signal by Iotech ZonicBook/618E data recording equipment. The sampling frequency of vibration signal is 1280Hz (500×2.56Hz), while sampling time is 30s. To show characters of figures clearly, time domain waves are shown partly (0.3s). Vibration Signal Fault Diagnosis Based on Generalized Fractal Dimension Biqiang Du, Guiji Tang (4) By adjusting controller of speed-adjustable motor, pre-tightening force support, oil pump, etc., a rotor dynamic buckling occurred and led to an oil whirl or whip. During the startup process with 3000 r/min raising speed, an oil whirl appeared from about 1600-1700 r/min and became more and more severe as the speed increased. Vibration signals 7 and 8 were recorded at 3000 and 3500 r/min respectively. The time-domain signal and the FFT spectrum of the vibration signal 7 are shown in Figure 4 . In the FFT spectrum (Figure 4b) , there are the fundamental component (50Hz), the dimidiate frequency component (25Hz), and some harmonic components. Comparing the difference between amplitudes of these components Figure 4b shows that the fundamental component (610.03mV) and the dimidiate frequency component (579.71mV) are the main components and other harmonic components are relatively weak (no more than 92.13mV). Vibration Signal Fault Diagnosis Based on Generalized Fractal Dimension Biqiang Du, Guiji Tang (5) With further rising of speed, the oil whirl fault changed to the oil whip fault at 3700-3800 r/min. The whip frequency was about 31.4 Hz. Vibration signals 9 and 10 were recorded at 4000 and 4500 r/min respectively. The time-domain signal and the FFT spectrum of the vibration signal 10 are shown in Figure 5 . In the FFT spectrum (Figure 5b) , there are the fundamental component (75Hz), the whip frequency component (31.4Hz), and some harmonic components. Comparing the difference between amplitudes of these components shows that the fundamental component (606.42mV) and the whip frequency component (510.93mV) are the main components and other harmonic components are relatively weak (no more than 116.98mV).
The generalized fractal dimensions of these measured vibration signals were calculated using the presented method. Table 1 demonstrates the results. Column 1 shows the weight factor q while the other columns show the generalized fractal dimensions calculated for various vibration signals. From the data shown in Table 1 , some characters are shown as following:
(1) If q=2, the D q is accord with the correlation dimension D c . The D c calculated by G-P correlation dimension algorithm is detailed in our previous work [21] . (4) While the rotor system works at a faulty-free state, its vibration signal is a homogeneity fractal signal for its D q -q behaves as a line which is nearly parallel to the abscissa axis q. At the same time, the D q -q distributions of vibration signals recorded at fault states all have distinct fluctuation amplitude.
Considering the D q -q distribution of the faulty vibration signals, along with the frequency component compositions in the FFT spectrum, the relationship between them is shown in Table 2 . The generalized fractal dimension D q , compared with the correlation dimension, reflects the characters of vibration signal and the change of equipment state more entirely, truly and sensitively. So the D q is a more effective tool for vibration signal fault diagnosis.
Conclusions
Based on the G-P correlation dimension algorithm, a method to calculate the generalized fractal dimension D q for vibration signal is presented. The detail process of this method, together with the range of the weight factor q is listed. The whole calculation process can be implemented automatically, without manual intervention. Application on some measured vibration signals verifies the effectiveness of this method. Experiment results show that the generalized fractal dimension D q identifies the state of vibration signal unambiguously and can be a more effective tool for vibration signal fault diagnosis. Results also show the relationship between the fluctuation amplitude of D q and the frequency component compositions of vibration signal. This would be helpful for the vibration signal fault diagnosis. 
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